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A wingbeat forcing function and control method are presented that allow six-degree-of-freedom control of a

flapping-wing micro air vehicle using only two actuators, each of which independently actuate a wing. Split-cycle

constant-period frequencymodulationwithwing bias is used to produce nonzero cycle-averaged drag. Thewing bias

provides pitching-moment control and, when coupled with split-cycle constant-period frequency modulation,

requires only independently actuated wings to enable six-degree-of-freedom flight. Wing bias shifts the cycle-

averaged center-of-pressure locations of the wings, thus providing the ability to pitch the vehicle. Implementation of

the wing bias is discussed, and modifications to the wingbeat forcing function are made to maintain wing position

continuity. Instantaneous and cycle-averaged forces andmoments are computed, cycle-averaged control derivatives

are calculated, and a controller is developed. The controller is designed using a simplified aerodynamic model

derived with blade-element theory and cycle averaging. The controller is tested using a simulation that includes

blade-element-based estimates of the instantaneous aerodynamic forces and moments that are generated by the

combined motion of the rigid-body fuselage and the flapping wings. Simulations using this higher-fidelity model

indicate that the cycle-averaged blade-element-based controller is capable of achieving controlled flight.

Nomenclature

BA1 = control effectiveness matrix
BA1

� = pseudoinverse of the control effectiveness
matrix

BA2 = sensitivity matrix due to prior wingbeat
bias values

CD���, CD��� = right and left wing drag coefficients
CL���, CL��� = right and left wing lift coefficients
DuLW
�t�, DdLW

�t� = upstroke and downstroke left wing drag
force

DuRW
�t�, DdRW

�t� = upstroke and downstroke right wing drag
force

dDRW, dDLW = differential drag forces in relative wind
velocity frames

dFRRWV
aeroRW
�r�,

dFLRWV
aeroLW
�r�

= differential force vectors in relative wind
velocity frames

dFRS
aeroRW
�r�,

dFLS
aeroLW
�r�

= vectors of differential forces in spar frames

dLRW, dLLW = differential lift forces in relative wind
velocity frames

dMB
aeroRW
�r�,

dMB
aeroLW
�r�

= vectors of differential moments in body
frame

FBuLW�t�, FBdLW �t� = left wing upstroke and downstroke
aerodynamic forces in body frame

FBuRW�t�, FBdRW �t� = right wing upstroke and downstroke
aerodynamic forces in body frame

Hn��� = Struve function of order n
IA = area moment of inertia of wing planform

about wing root
Jn��� = Bessel function of order n
LuLW �t�, LdLW �t� = upstroke and downstroke left wing lift force

LuRW �t�, LdRW �t� = upstroke and downstroke right wing lift
force

MB
uRW
�t� = right wing upstroke aerodynamic moment

in body frame
�MB
xRW, �MB

xLW = right and left cycle-averaged moments
about the x-body axis

�MB
yRW, �MB

yLW = right and left cycle-averaged moments
about the y-body axis

�MB
zRW, �MB

zLW = right and left cycle-averaged moments
about the z-body axis

RRRWV
RS , RLRWV

LS = rotation matrices from spar frames to
relative wind velocity frames

RRS
RWP;R

LS
LWP = rotation matrices from wing planform

frames to spar frames
RRS

RWR, R
LS
LWR = rotation matrices from wing root frames to

spar frames
r = point along wing spar measured from wing

root
rBpRW , r

B
pLW = vectors from wing root to blade-element

center of pressure
vBb = body translational velocity in the body

frame
vRSFRW

, vLSFLW
= velocities of wings due to flapping in right

and left spar frames
vRSRRW

, vLSRLW
= velocities of wings due to rigid-body

rotation in right and left spar frames
vRSRW, v

LS
LW = total velocities of wings written in right and

left spar frames
vRSTRW , v

LS
TLW

= velocities of wings due to rigid-body
translation in right and left spar frames

v1RW
, v1LW

= velocity vectors consisting of the x and z
components of �vRSRW and �vLSLW

�XBRW, �XBLW = right and left cycle-averaged x-body axis
forces

�xWP
cp ; y

WP
cp ; 0�T = location of wing center of pressure in local

wing planform frame
�YBRW, �Y

B
LW = right and left cycle-averaged y-body axis

forces
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�ZBRW, �Z
B
LW = right and left cycle-averaged z-body axis

forces
� = angle between stoke plane and wing chord;

set by passive rotation joint
�RW, �LW = smallest angle from x axis of right and left

relative wind velocity coordinate frames to
wing chord

�vRW , �vLW = angles to transform from spar frames to
relative wind velocity frames

�wRW
, �wLW

= angle between the positive x axis of a spar
frame and wing chord

�ALW, �ARW = left and right wing amplitude adjustment
terms

� �FBxdes, � �FBydes,

� �FBzdes

= desired cycle-averaged forces

� �MB
xdes, � �MB

ydes,

� �MB
zdes

= desired cycle-averaged moments

�rBLW = vector from center of gravity to left wing
root in body frame, ��xBLW � w

2
�zBLW �

�rBRW = vector from center of gravity to right wing
root in body frame, ��xBRW w

2
�zBRW �

�LW, �RW = left and right wing upstroke split-cycle
parameters

�LW, �RW = left and right wing biases
�LW�1, �RW�1 = one-cycle-delayed left and right wing

biases
�LW, �RW = left and right wing phase shifts
� = atmospheric density
�LW, �RW = left and right wing downstroke split-cycle

parameters
�uLW�t�, �dLW �t� = wingbeat forcing functions for left wing

during upstroke and downstroke
�uRW �t�, �dRW�t� = wingbeat forcing functions for right wing

during upstroke and downstroke
w = vehicle width
!LW, !RW = left and right wing fundamental frequencies
!o = trim frequency
!Bb = body rotational velocity expressed in the

body coordinate frame, �P Q R �T

I. Introduction

F OR years, researchers have been interested and intrigued by the
flight of flapping-wing insects. Some of the earliest research

efforts on flapping-wing vehicle flight took place in the 1950s and
1960s [1–4]. Osborne [1] used blade-element analysis to represent
the forces on a flapping wing. Jensen [2] studied the flight of locusts,
while Vogel [3,4] analyzed the fruit fly and calculated a lift
coefficient for this insect. More recently, flapping-wing micro air
vehicles (MAVs) have received a great deal of interest from the
research community due to their potential to achieve insectlike
maneuverability [5–11]. The ability to mimic the flight behavior of
insects could enable such a vehicle to perform missions that larger,
fixed-wing vehicles are unable to perform, such as intelligence,
surveillance, and reconnaissance in urban environments and indoor
locations. These potential capabilities have prompted continued
research into flapping-wing flight dynamics, control law develop-
ment [12,13], and fabrication [7,8].

Biologists have been interested in insect flight for some time.
Ellington [9,14–18] provided detailed analysis of hovering insect
flight, including kinematics, lift and power requirements, and
aerodynamic mechanisms. Other researchers have studied the flight
of butterflies [19], Diptera [20] insects, bumblebees [10,11], and the
hawkmothManduca sexta [21–23]. The motivation for these studies
was to characterize and understand the mechanisms that enable
insect flight.

The aerodynamics of flapping-wing flight are complex [9,14–
18,24–27]. Wing–wing interactions, wake capture, leading-edge
vortices, wing rotation, and acceleration are examples of some of the
complex phenomena that occur. Dickinson and Götz [28] have

studied the unsteady aerodynamics of model wings at low Reynolds
numbers. Sane and Dickinson [6] have performed low-Reynolds-
number experiments on rigid flapping wings in amineral oil tank and
proposed a quasi-steady aerodynamic model of the wing, while
Sitaraman et al. [29] developed a numerical model of the unsteady
aerodynamics of flapping flight.

Cycle-averaged control laws [12,13,30,31] for flapping-wing
MAVs have been developed in the past. These control strategies used
wing-flip timing and mean angle of attack as control variables or
included an additional control effector to adjust the center of gravity
of the vehicle. The control strategy introduced by Deng et al. [13]
required four actuators, while split-cycle constant-period frequency
modulation (SCCPFM) [13] was used to control a six-degree-of-
freedom (DOF) unsteady simulation model of a flapping-wingMAV
using three actuators; two actuators controlled wing position while
the third controlled a bobweight. Wood [7] has stated that actuators
can comprise 60% or more of the total weight of a flapping-wing
MAV. Hence, a methodology is desired that would provide a high
level of control for these types of vehicles, using as few actuators as
possible. This work directly addresses this objective by developing a
scheme that provides 6-DOF control using only two physical
actuators. Thevehicle selected for this study is similar to theRoboFly
[7]. The key difference is that the wings are independently actuated
[12] on the proposed vehicle, as shown in Fig. 1. Additional
information about the vehicle, including a discussion of the passive-
wing rotation joints as well as coordinate frame definitions, is given
by Doman et al. [12]. Wood [7,8] and Wood et al. [32] have shown
that tethered liftoff can be achieved with these types of vehicles.
Here, a control strategy is presented that provides a wingbeat forcing
function and control law that yields controlled 6-DOF flight of the
vehicle using two physical actuators: one to drive the position of each
wing. This is accomplished by using a biased version of the
SCCPFM technique [12]. The bias has the effect of shifting the cycle-
averaged center-of-pressure location of each wing, relative to the
center of gravity, and provides the ability to manipulate the cycle-
averaged pitching moment. With this technique, the need for a
bobweight and its actuator used in previous studies [12] is elim-
inated, resulting in significant weight and complexity savings. A
simplified aerodynamic model, which does not take into account
unsteady effects, rigid-body translation, or rigid-body rotation, is
used for control law design. The control law is tested for robustness
by using a simulation model that includes blade-element-based
estimates of the instantaneous aerodynamic forces and moments
generated by the combined motion of the rigid-body fuselage and
flapping wings relative to quiescent air surrounding the vehicle.

This paper is organized as follows. Section II explains the
SCCPFM with bias technique. The blade-element aerodynamic
model and the aerodynamic model with quasi-steady force coef-
ficients and rigid-body translation and rotation are described in
Sec. III, while cycle-averaged forces and moments are calculated in
Sec. IV. The sensitivities of the cycle-averaged forces and moments
to changes in the control parameters are computed in Sec. V, while
the control derivatives about hover are calculated in Sec. VI.
Section VII contains simulation results, and conclusions are
provided in Sec. VIII.

II. Split-Cycle Constant-Period Frequency
Modulation with Wing Bias

The wingbeat position command structure presented by Doman
et al. [12] was shown to be capable of producing desired cycle-
averaged horizontal and vertical forces as well as rolling and yawing
moments. The inability of that control strategy to independently
generate pitching moments led to the addition of a bobweight
actuator, which was used to adjust the center of gravity of the vehicle
and provided independent control of the pitching moment. In this
work, a wing position bias is introduced that enables the cycle-
averaged centers of pressure of the beating wings to be shifted,
relative to the vehicle center of gravity, such that cycle-averaged
pitching moments can be generated without a bobweight. The main
contribution of this work is the ability to eliminate the need for the
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bobweight controller and actuator,which results in significantweight
savings and a less complex vehicle design. It will be shown that the
new control strategy is capable of generating six independent forces
and moments using only two physical actuators. In this section, a
wing bias is introduced into the wingbeat forcing functions.

The wingbeat forcing functions, which command the position of
each wing during each beat cycle, are

�uLW �t� � cos��!LW � �LW�t� � �LW
�dLW �t� � cos��!LW � �LW�t� �LW� � �LW (1)

and

�uRW �t� � cos��!RW � �RW�t� � �RW
�dRW �t� � cos��!RW � �RW�t� �RW� � �RW (2)

where �RW and �LW are thewing biases, ��t� is thewing position, the
subscripts RWand LW denote the right and left wings, while u and d
specify the upstroke and downstroke. For example, �uLW �t� is the
wing position of the left wing during the upstroke. Without loss of
generality, it is assumed that t� 0 at the beginning of each wingbeat
cycle. In Eqs. (1) and (2), !RW and !LW are the fundamental or
symmetric frequencies, �RW and �LW are the split-cycle parameters or

asymmetric frequencies, �RW ≜ �RW!RW=�!RW � 2�RW�, �LW≜
�LW!LW=�!LW � 2�LW�, �RW ≜ �2��RW=�!RW � 2�RW�, and

�LW ≜ �2��LW=�!LW � 2�LW� [12]. A complete derivation of the
SCCPFM technique is provided by Doman et al. [12].

The addition of a wing bias decouples the z-body axis force and
pitching moment to provide more control authority during the fore/
aft fast translational portions of flight while, at the same time, it
allows generation of direct side forces. Practical implementation
requires that the bias terms be delayed by one full wingbeat cycle for
reasons that will become evident shortly. Figure 2 shows the effects
of changing thewing bias on thewingbeat forcing function. Thewing
bias is constrained to be constant over each full cycle, so that
intercycle wing position discontinuities do not exist and the general
cosine waveform shape is maintained. Maintaining a wingbeat
position forcing function of a sinusoidal form allows closed-form
solutions for the control derivatives. If the bias were allowed to vary
within a wingbeat cycle, closed-form cycle-averaged control
derivatives would be difficult, if not impossible, to compute. Thus,
the wingstroke properties can only be adjusted at specific points
within a cycle. If the wingstroke properties were adjustable only at
the end of a cycle then, in general, since �0 ≠ �1 ≠ �2, discon-

tinuities would exist in the wing position, as shown in Fig. 2. This
situation cannot be physically realized. To overcome this issue, the
second half of the downstroke is modified by the addition of a cosine
wave. For the first half of the downstroke, the wing position forcing
function is exactly as shown in Eqs. (1) and (2). For the second half of
the downstroke, the wing position forcing functions are modified to

�dLW�t� � �1��ALW� cos��!LW � �LW�t� �LW� � �LW (3)

and

�dRW �t� � �1��ARW� cos��!RW � �RW�t� �RW� � �RW (4)

The terms �ALW and �ARW adjust the amplitude of the wingbeat
forcing function during the last half of the downstroke to maintain a
continuous wingbeat position forcing function.

To calculate the amplitude adjustment terms, consider the end of a
complete wingbeat cycle and, for brevity, consider only the left wing
(right wing calculations are similar). Using Eq. (3), it can be seen that
at the end of the first complete cycle, when t� 2�

!
, the modified

downstroke wing position is

�dLW�t�jt�2�=! � 1� �LW0
��ALW1

(5)

Fig. 1 General assembly of a minimally actuated flapping-wing MAV.

1.5
Wing Position vs. Time

Upstroke Downstroke Upstroke Downstroke Upstroke Downstroke

1

0.5

0

φ 
(r

ad
)

0η 1η

2η

-0.5

-1

0 0.5 1 1.5 2 2.5 3
-1.5

Normalized Time
Fig. 2 Wing position with variable �.
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while at the beginningof the second cycle upstroke, thewing position
[Eq. (1)] is given by

�uLW �t�jt�2�=! � 1� �LW1
(6)

Setting Eq. (5) equal to Eq. (6) (to satisfy wing position continuity)
and solving for �ALW1

yields

�ALW1
� �LW1

� �LW0
(7)

In general, this expression becomes

�Ai � �i � �i�1 (8)

Thus, in order to determine�Ai, the system needs information about
the bias of the upcoming wingbeat cycle, which results in a practical
requirement that wing bias changes be subject to a delay.

Figure 3 shows the points in the wingbeat cycle where !i, �i, �i,
and �Ai are calculated and applied. Note that these variables are
calculated at the beginning of the upstroke and that�Ai is applied for
the last half of the downstroke to ensure wing position continuity.
The bias term is delayed by one full wingbeat cycle and is applied for
the next completewingbeat cycle. This ensures that all necessary data
are available for the computation of�Ai. Thus, at the beginning of an
upstroke, !i and �i are calculated and immediately applied for a
complete cycle. Also, �Ai and �i are calculated, with �Ai being
applied for the last half of the current wingbeat downstroke and �i
being applied for the next full cycle.

In summary, the forcing functions driving the positions of the
wings are as follows:

upstroke,

�uLW �t� � cos��!LW � �LW�t� � �LW;
�uRW �t� � cos��!RW � �RW�t� � �RW (9)

first half of downstroke,

�dLW�t� � cos��!LW � �LW�t� �LW� � �LW;
�dRW�t� � cos��!RW � �RW�t� �RW� � �RW

second half of downstroke,

�dLW�t� � �1��ALW� cos��!LW � �LW�t� �LW� � �LW;
�dRW�t� � �1��ARW� cos��!RW � �RW�t� �RW� � �RW

where, without loss of generality, the time at the beginning of each
wingbeat cycle is taken to be zero. In Eq. (9), the wingbeat segments
are defined by the following times:

1) For the upstroke, 0 	 t < �=�! � ��.
2) For the first half of the downstroke, �=�! � �� 	 t<
���3! � 2���=�2!�! � ���.

3) For the second half of the downstroke, ���3! � 2���=
�2!�! � ��� 	 t < 2�=!.

In Eq. (9), the time index subscripts on thevariables are omitted for
brevity. It should be understood that, for wingbeat cycle i, the biases
used are �LWi�1 and �RWi�1 , while the fundamental frequencies !RW

and !LW, the split-cycle parameters �RW and �LW, and the amplitude
modification parameters �ARW and �ALW are the current time
values.

III. Aerodynamic Models of a Flapping-Wing Vehicle
with Independently Actuated Wings

In this section, two aerodynamic models of the flapping-wing
vehicle are discussed. One of the objectives of this work is to develop
a model that yields insight into the controllability of this class of
vehicles. In light of this objective, thefirst aerodynamicmodel is void
of any unsteady aerodynamic effects, does not consider rigid-body
motion of the fuselage relative to the surrounding air, and is based on
blade-element theory. The use of computational fluid dynamics or
finite element models would provide a higher-fidelity model; how-
ever, these techniques would not allow designers to make vehicle
modifications and rapidly assess their effects. Thus, they have a
tendency to mask the most pertinent factors in force and moment
generation. An additional benefit of the simplified aerodynamic
model is the ability to analytically compute cycle-averaged control
derivatives for use in the control law (which wouldmost likely not be
possible using a higher-fidelity aerodynamic model) without
expending considerable computational resources. This reduced order
or cycle-averaged blade-element aerodynamic model is solely used
for control law development and tuning. The control law, based on a
cycle-averaged blade-element aerodynamic model, is tested on a
higher-fidelity model that includes an instantaneous blade-element
estimate of the aerodynamic forces and moments due to the flapping
wings and rigid-body translation and rotation of the fuselage relative
to still air. The 6-DOF equations ofmotion, which determine the state
of the vehicle during simulation, are driven by the instantaneous
forces andmoments from the higher-fidelitymodel. Bothmodelswill
be discussed in the next sections. Before introducing the models,
expressions for the lift, drag, and moments due to wing flapping are
needed.

Using the relationships between the body, wing roots, spars,
upstroke planform and downstroke planform axes systems estab-
lished by Doman et al. [12], the instantaneous values of lift and drag
on each wing may be transformed into a body axis coordinate frame.
The aerodynamic forces, expressed in the body frame, associated
with eachwing and stroke are summarized in Table 1 (the superscript
B denotes the body frame). L�t� is the lift force and D�t� is the drag
force.

The instantaneous aerodynamic moment for the right wing during
the upstroke is

M B
uRW
�t� �

DuRW
�t�
�
yWP
cp � w

2
cos�uRW�t� ��zBRW sin�uRW�t�

�

LuRW �t��yWP
cp sin�uRW �t� ��zBRW� �DuRW

�t��xBRW cos�uRW�t� � �LuRW �t� cos��DuRW
�t� sin��xWP

cp cos�uRW�t�

�DuRW �t��xBRW sin�uRW�t� � LuRW �t�
�
w
2
� yWP

cp cos�uRW�t�
�
� �LuRW �t� cos ��DuRW �t� sin��xWP

cp sin�uRW �t�

2
66664

3
77775 (10)

1.5
Wing Position vs. Time

Apply ∆A1 Apply ω2, δ2, η1 Apply ω3, δ3, η2
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i=2 i=3
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)

0η 1η
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Second
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Downstroke
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-1.5
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η3, ∆A3

η2, ∆A2

Fig. 3 Points in wingbeat cycle where control parameters are

calculated and applied.
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where �rBRW � ��xBRW w
2

�zBRW � is the position vector from the
center of gravity to the origin of the right wing coordinate system,
xWP
cp and yWP

cp define the location of the center of pressure in the local
wing planform frame, andw is the width of the vehicle. Expressions
for the aerodynamicmoments for the right wing during a downstroke
and the left wing during both strokes can be found in Doman et al.
[12].

A. Blade-Element Aerodynamic Forces and Moments

Using a blade-element aerodynamic model, the instantaneous lift
and drag of the left and right wings during the upstroke and
downstroke are [12] as follows:

upstroke,

LuLW�t� � kL�!LW � �LW�2sin2��!LW � �LW�t�
DuLW
�t� � kD�!LW � �LW�2sin2��!LW � �LW�t�

LuRW �t� � kL�!RW � �RW�2sin2��!RW � �RW�t�
DuRW
�t� � kD�!RW � �RW�2sin2��!RW � �RW�t� (11)

first half of downstroke,

LdLW�t� � kL�!LW � �LW�2sin2��!LW � �LW�t� �LW�
DdLW
�t� � kD�!LW � �LW�2sin2��!LW � �LW�t� �LW�

LdRW�t� � kL�!RW � �RW�2sin2��!RW � �RW�t� �RW�
DdRW
�t� � kD�!RW � �RW�2sin2��!RW � �RW�t� �RW�

second half of downstroke,

LdLW �t� � kL�1��ALW�2�!LW � �LW�2


 sin2��!LW � �LW�t� �LW�
DdLW
�t� � kD�1��ALW�2�!LW � �LW�2


 sin2��!LW � �LW�t� �LW�
LdRW �t� � kL�1��ARW�2�!RW � �RW�2


 sin2��!RW � �RW�t� �RW�
DdRW
�t� � kD�1��ARW�2�!RW � �RW�2


 sin2��!RW � �RW�t� �RW�

where kL ≜
�
2
CL���IA, kD ≜ �

2
CD���IA, � is the angle between the

stroke plane and the wing chord (set by the passive-wing rotation
joint),CL��� andCD��� are the lift and drag coefficients, and IA is the
area moment of inertia of the planform about the wing root. The lift
and drag are used in the expressions in Table 1 and Eq. (10) to
compute the body frame forces and moments due to wing flapping.

B. Flapping-Wing Aerodynamic Model with Linear and Angular

Velocity Effects

In addition to being a function of wing kinematics, the aero-
dynamic forces and moments produced by the wings are also
functions of the angular and translational motion of the rigid body.
The goal of this section is to compute forces and moments produced
by the wings due to rigid-body motion and wing flapping. Both
Hedrick et al. [33] and Faruque and Humbert [34] have discussed the
importance of including angular and translational motion in the
calculation of wing velocity. To increase the fidelity of the aero-
dynamic forces produced by the flapping-wing vehicle model,
translational and rotational motion of the rigid body along with wing
flapping are included in the calculation of the wing velocity. The
wing is split into blade elements along the span. The velocity of each
blade element, with respect to still air, is calculated. Note that blade
elements along the span experience different angles of attack when
flapping motion and rigid-body translational and rotational motion
are considered. Thus, the angle of attack of each blade element is
calculated separately. Using the blade-element velocities and angles
of attack, the force (and moment) due to motion of each blade
element is computed. Numerical integration along the spar provides
the total force and moment produced by each wing. These
instantaneous forces and moments are then used to drive the 6-DOF
equations of motion. The empirically derived lift and drag
coefficients from Sane and Dickinson [5] are used in the subsequent
analysis.

The inclusion of rigid-body translation and rotation follows the
work of Faruque and Humbert [34]. The objective is to determine the
velocity of eachwing. This velocity consists of three components and
can be written as

vRSRW � vRSFRW
� vRSTRW � vRSRRW

�
h
vRSRWx

vRSRWy
vRSRWz

i

vLSLW � vLSFLW
� vLSTLW � vLSRLW

�
h
vLSLWx

vLSLWy
vLSLWz

i
(12)

where vRSRW and vLSLW are the velocity of the right and left wingswritten
in the right and left wing spar frames, and vRSFRW

, vRSTRW , v
RS
RRW

, vLSFLW
,

vLSTLW , and v
LS
RLW

are thewing velocities due to flapping (F), rigid-body
translation (T), and rigid-body rotation (R) of the right and left wings,
written in the right and left spar frames. The coordinate frames
necessary for this analysis are defined by Doman et al. [12].
Superscripts on a vector indicate the frame in which the vector is
expressed.

By reviewing the definition of the wing spar coordinate frames for
the left and right wings [12], the wing velocity due to flapping
becomes

v RS
FRW
�

r _�RW
0

0

2
4

3
5; vLSFLW

�
�r _�LW

0

0

2
4

3
5 (13)

where r is a point along the wing spar.
The wing velocity component due to rigid-body translation of the

fuselage is computed by simply converting the body velocity vBb to
the spar frames. Therefore,

v RS
TRW
�RRS

RWRv
B
b ; vLSTLW �RLS

LWRv
B
b (14)

where RRS
RWR and RLS

LWR are rotation matrices from the right and left
wing root coordinate frames to the right and left wing spar coordinate
frames [12], respectively.

The wing velocity due to rigid-body fuselage rotation is

v RS
RRW
�r� �RRS

RWR�!Bb 
 rBpRW�; vLSRLW
�r� �RLS

LWR�!Bb 
 rBpLW�
(15)

where !Bb � �P Q R �T is the body rotational velocity expressed
in the body coordinate frame and rBpRW and rBpLW are position vectors

from the origin of the right and left wing planform frames to the
centers of pressure of the blade elements at a spanwise location

Table 1 Instantaneous aerodynamic forces expressed

in the body frame

Force Body frame

RW upstroke

FBuRW �t� �
LuRW �t�

�DuRW
�t� sin�uRW �t�

DuRW
�t� cos�uRW �t�

2
4

3
5

RW downstroke

FBdRW �t� �
LdRW �t�

DdRW
�t� sin�dRW �t�

�DdRW
�t� cos�dRW �t�

2
4

3
5

LW upstroke

FBuLW �t� �
LuLW �t�

DuLW
�t� sin�uLW �t�

DuLW
�t� cos�uLW �t�

2
4

3
5

LW downstroke

FBdLW �t� �
LdLW �t�

�DdLW
�t� sin�dLW �t�

�DdLW
�t� cos�dLW �t�

2
4

3
5

208 OPPENHEIMER, DOMAN, AND SIGTHORSSON



r expressed in the body frame. The centers of pressure of each blade
element are assumed to be at the center of each element. Therefore,

r RWPpRW
�
� c�r�

2

r
0

2
4

3
5; rLWPpLW

�
� c�r�

2

r
0

2
4

3
5 (16)

where c�r� is the wing chord at a spanwise location r. These vectors
can be transformed into body frame coordinates using

rBpRW ��rBRW �RRWR
RS RRS

RWpr
RWP
pRW

rBpLW ��rBLW �RLWR
LS RLS

LWPr
LWP
pLW

(17)

Substituting Eq. (17) into Eq. (15), the expressions for the velocities
due to rigid-body rotation become

vRSRRW
�r� �RRS

RWR�!Bb 
 ��rBRW �RRWR
RS RRS

RWPr
RWP
pRW
��

vLSRLW
�r� �RLS

LWR�!Bb 
 ��rBLW �RLWR
LS RLS

LWPr
LWP
pLW
�� (18)

All of the components of the velocity are now concisely expressed in
well-defined terms.

To compute the angle of attack, consider a blade element along the
chord of the wing. Note that the relative wind will vary across the
span of each wing. Defining the relative wind velocity frames
(denoted RRWVand LRWV for right and left relative wind velocity
frames, respectively), such that the x axes of the RRWVand LRWV
frames are aligned with the vector formed by only considering the x
and z components of�vRSRW and�vLSLW (denote these vectors by v1RW

and v1LW
), the y axes of the RRWVand LRWV frames are along the

right and left spar frame’s positive y axes, and the z axes complete the
right-hand rule. This implies that the rotations from/to theRRWVand
LRWVframes to/from the spar frames are only one rotation about the
y axes. Furthermore, define the drag force as always positive and
along the RRWV and LRWV x axes. Therefore, the aerodynamic
(blade element) force vector expressed in the RRWV and LRWV
frames will always have a positive x component due to drag, a zero y
component, and either a positive or negative z component due to lift.

Define the angles

�vRW � atan�vRSRWz
; vRSRWx

�; �vLW � atan�vLSLWz
; vLSLWx

� (19)

The rotation matrices from the spar frames to the RRWVand LRWV
frames are

RRRWV
RS �

cos�vRW 0 sin�vRW

0 1 0

� sin�vRW 0 cos�vRW

2
64

3
75;

RLRWV
LS �

cos�vLW 0 sin�vLW

0 1 0

� sin�vLW 0 cos�vLW

2
64

3
75 (20)

The angles of attack, �RW and �LW, are defined as the absolute value
of the smallest angle from the x axes of theRRWVandLRWVframes
to the wing chords (blade element). Figure 4 shows the aerodynamic
forces, expressed in a relative wind velocity frame, for four cases of
interest. Note that the expressions in Fig. 4, although written for the
right wing, are also valid for the left wing. The angles �wRW

and �wLW

are defined as the angles between the positive x axis of the spar frame
and thewing chord (or blade element) and are set by the passive-wing
rotation joints.

With thewing velocities and angles of attack calculated, the blade-
element forces, expressed in the RRWVand LRWV frames, are

dLRW �
�

2
k � 1 0 0 � RRRWV

RS v1RW
k2CL��RW�c�r� dr

dDRW �
�

2
k � 1 0 0 � RRRWV

RS v1RW
k2CD��RW�c�r� dr

dLLW �
�

2
k � 1 0 0 � RLRWV

LS v1LW
k2CL��LW�c�r� dr

dDLW �
�

2
k � 1 0 0 � RLRWV

LS v1LW
k2CD��LW�c�r� dr (21)

The lift and drag coefficients use the Sane and Dickinson [5]
expressions

CLRW
��RW� � 0:225� 1:58 sin�2:13�RW � 7:2�

CDRW
��RW� � 1:92 � 1:55 cos�2:04�RW � 9:82�

CLLW
��LW� � 0:225� 1:58 sin�2:13�LW � 7:2�

CDLW
��LW� � 1:92 � 1:55 cos�2:04�LW � 9:82� (22)

where �RW and �LW are in degrees. The differential lift and drag
contributions in the spar frame are

dFRS
aeroRW
�r� �RRS

RRWV dF
RRWV
aeroRW
�r�

dFLS
aeroLW
�r� �RLS

LRWV dF
LRWV
aeroLW
�r� (23)

where dFRRWV
aeroRW
�r� and dFLRWV

aeroLW
�r� are obtained as one of the cases in

Fig. 4. The differential moments due to the aerodynamic forces are

dMB
aeroRW
�r� � rBpRW�r� 
 �RBRSRRS

RRWV dF
RRWV
aeroRW
�r��

dMB
aeroLW
�r� � rBpLW�r� 
 �RBLSRLS

LRWV dF
LRWV
aeroLW
�r�� (24)

Note that the rotationmatricesRRS
RRWV andR

LS
LRWV are functions of the

spanwise location r. The differential forces and moments are
integrated along both the right and left spars in order to compute the
total aerodynamic forces and moments due to each wing. These total
instantaneous aerodynamic forces and moments drive the 6-DOF
equations of motion. The equations of motion used in this work are
the same as those used by Doman et al. [12].

Fig. 4 The aerodynamic forces and angles of attack for a blade element in each of the quadrants of a relative wind velocity frame. These figures are

drawn with right wing variables but also hold for left wing variables.
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IV. Cycle-Averaged Aerodynamic Forces
and Moments

This section focuses on the calculation of parameters for use in a
flapping-wing vehicle control law. The parameters that are available
to bemanipulated for control are!LW,!RW, �LW, �RW, �LW, and �RW,
which are the fundamental frequencies, split-cycle parameters, and
wing biases for the left and right wings, respectively. It will be shown
that feedback control laws based on cycle-averaged forces and
moments will allow the vehicle to track desired angular and spatial
positions in a mean sense; however, because of the true periodic
nature of the aerodynamic forces, the vehicle will exhibit limit-cycle
behavior in a neighborhood about the mean position.

In this section, expressions for the cycle-averaged forces and
moments are derived. Without loss of generality, the time at the
beginning of each wingbeat cycle is taken to be zero. Since
the introduction of the split-cycle parameter changes the frequency of
the cosine wave when �! � ��t� � in each cycle, and because the
downstroke is split into two parts, it is convenient to split the integrals
(used to evaluate the cycle-averaged forces andmoments) as follows:

�G� !

2�

�Z
�=�!���

0

G��u�t�� dt�
Z ���3!�2���=�2!�!����
�=�!���

G��d�t�� dt

�
Z

2�=!

���3!�2���=�2!�!����
G��d�t�� dt

�
(25)

where the downstroke is split into first-half and second-half parts.
Note thatG��� in Eq. (25) is a generalized force that represents either
a force or moment. To calculate the cycle-averaged forces and
moments, it will be necessary to evaluate numerous integrals. Many
have no indefinite integral solutions. For example, many of the
integrands will be of the form cos�cos!t� or sin�cos!t� because of
the transformations from wing planform axes to body axes and the
fact that the motion of each wing in the stroke plane is sinusoidal.
Fortunately, definite integrals involving such functions exist over the
intervals of interest for the present problem and can be derived from
results presented in Gradshteyn and Ryzhik [35]. These integrals are
provided by Oppenheimer et al. [36].

As an example cycle-average computation, the x-body axis force
is calculated by substituting the expression for the instantaneous
x-body force from Table 1 into Eq. (25) to yield

�XBRW �
!RW

2�

�Z
�=�!RW��RW�

0

LuRW �t� dt

�
Z ���3!RW�2�RW��=�2!RW�!RW��RW��

�=�!RW��RW�
LdRW�t� dt

�
Z

2�=!RW

���3!RW�2�RW��=�2!RW�!RW��RW��
LdRW �t� dt

�
(26)

Performing the integrations yields

�XBRW �
kL!RW

4

�
�!RW � �RW�

� �!RW � �RW�
2

f1� �1��ARW�2g
�

(27)

Following a similar procedure for the left wing, it can be shown that

�XBLW �
kL!LW

4

�
�!LW � �LW�

� �!LW � �LW�
2

f1� �1��ALW�2g
�

(28)

Note that both �XBRW and �XBLW are positive quantities. At a hover
condition, where the x-body axis is normal to the surface of the Earth,
the forces produced by both wings act to counter the weight of the
vehicle. Also, from Eqs. (28) and (29), it can be seen that wing bias
has a secondary effect on the vertical force produced and only

appears in the�ARW and�ALW terms. In practice, it is expected that
�ARW � 1 and �ALW � 1; thus, minor changes to vertical force
will be experienced by a nonzero wing bias. Recall, from

Doman et al. [12], that when no wing bias is used, �XBRW�
�kL!RW=4��2!RW � �RW � �RW�, and similarly for the left wing.
Comparing this previous result with the expression in Eq. (27) shows
that the increase in x-body axis force resulting from the introduction
of a wing bias is given by

kL!RW�!RW � �RW�
8

f2�ARW ��A2
RWg

and similarly for the left wing. Calculation of the remaining cycle-
averaged forces and moments can be found in Oppenheimer et al.
[36].

V. Control Derivatives

The parameters used to control the aerodynamic forces and
moments are the fundamental wingbeat frequencies, !RW and !LW,
the split-cycle parameters, �RW and �LW, and the wing biases, �RW
and �LW. For controllability analysis and control synthesis, the
sensitivity of each cycle-averaged force and moment to each control
input parameter must be determined. The forces and moments are, in
general, functions of the control input parameters as well as the past
values of �RW and �LW, because �Ai � �i � �i�1 � � � ��1. Note
that the subscript i notation has been removed, and it should be

understood that �≜ �i (the current value of wing bias) and ��1 ≜
�i�1 (the one cycle past value of wing bias). Hence, the cycle-
averaged forces and moments are sensitive to changes in ��1,
although ��1 is not considered a control input because it is a fixed
value that was calculated one full wingbeat cycle before calculating
�. Thus, sensitivities of cycle-averaged forces and moments to

changes in ��1 are also calculated. Let �Gi, i� 1; 2; . . . ; 6, be a
generalized cycle-averaged force. Then, a first-order approximation

of �Gi can be expressed as

�G i � �Go �� �Gi (29)

where �Go is the generalized cycle-averaged force necessary to hover
(trim) the vehicle, and

� �Gi�
@ �Gi
@!RW

�!RW�
@ �Gi
@!LW

�!LW�
@ �Gi
@�RW

�RW�
@ �Gi
@�LW

�LW

� @ �Gi
@�RW

�RW�
@ �Gi
@�LW

�LW�
@ �Gi

@�RW�1
�RW�1�

@ �Gi
@�LW�1

�LW�1 (30)

Note that, in Eq. (30), increments to fundamental frequency are used,
since nonzero fundamental frequencies are required to hover the
vehicle. A feedback controller will generate a vector of desired cycle-
averaged forces and moments, with each scalar quantity being

denoted by� �Gides. The control inputs should then be chosen so as to

generate� �Gides . Near hover, the control allocation problem is to find
the control inputs such that the following equations are satisfied:

� �Gides �
@ �Gi
@!RW

����
hover

�!RW �
@ �Gi
@!LW

����
hover

�!LW �
@ �Gi
@�RW

����
hover

�RW

� @ �Gi
@�LW

����
hover

�LW �
@ �Gi
@�RW

����
hover

�RW �
@ �Gi
@�LW

����
hover

�LW

� @ �Gi
@�RW�1

����
hover

�RW�1 �
@ �Gi

@�LW�1

����
hover

�LW�1 (31)

where i� 1; 2; . . . ; 6. Expressions for the cycle-averaged forces and
moments are given by Oppenheimer et al. [36]. For brevity, only one
set of control derivatives are explicitly shown here, and the remaining
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are given byDoman et al. [37]. The goal of the following section is to
compute the partial derivatives in Eq. (30). Following this, the partial
derivatives are evaluated at the hover operating point to provide the
entries in Eq. (31).

To compute the sensitivity of the x-body axis force to changes in
the control parameters and past values of wing biases, partial
derivatives of Eq. (27), with respect to each of these variables, are
computed. The results are

@ �FBxRW
@�RW

� kL
4

�
�!RW �

!3
RW

2�!RW � 2�RW�2
�1� �1��ARW�2�

�

(32)

@ �FBxRW
@!RW

� kL
4

�
�2!RW � �RW�

�
�
2!3

RW � 7�RW!
2
RW � 4!RW�

2
RW

2�!RW � 2�RW�2
�
�1� �1��ARW�2�

�
(33)

For the x-body axis force sensitivity with respect to �RW, recall that
�ARW is a function of �RW. Therefore,

@ �FBxRW
@�RW

� kL!RW�!RW � �RW�
4

�1��ARW�
@�ARW

@�RW
(34)

@ �FBxRW
@�RW�1

� kL!RW�!RW � �RW�
4

�1��ARW�
@�ARW

@�RW�1
(35)

Left wing expressions are of the same form as the right wing [37].

VI. Aerodynamic Control Derivatives About Hover

The control of this vehicle in the vicinity of hover is of
considerable interest. Therefore, the control derivatives are evaluated
at the hover condition, where !RW � !LW � !o, �RW � �LW � 0,
�RW � �LW � 0, and �ARW ��ALW � 0. Note that !o is the
frequency atwhich the cycle-averaged lift is equal to theweight of the
vehicle, also called the hover frequency [12]. Additionally, it is
assumed that the vehicle has been designed such that the nominal
center of gravity of the vehicle and wing root hinges are aligned on
the z-body axis; therefore, �zBRW ��zBLW � 0. When the nominal
center of gravity and wing root hinges are not aligned, a nonzero
cycle-averaged pitching moment is produced, even if the wing bias
terms are zero, and hover is not achieved. Recall that�A� � � ��1;
therefore, @�A=@�� 1 and @�A=@��1 ��1. All control
derivatives, computed about hover, are shown in the following
sections.

A. Cycle-Averaged X-Body Axis Force Control Derivatives
About Hover

@ �FBxRW
@�RW

����
hover

� @
�FBxLW
@�LW

����
hover

�0 (36)

@ �FBxRW
@!RW

����
hover

� @
�FBxLW
@!LW

����
hover

�kL!o (37)

@ �FBxRW
@�RW

����
hover

�� @
�FBxRW

@�RW�1

����
hover

� @
�FBxLW
@�LW

����
hover

�� @
�FBxLW

@�LW�1

����
hover

� kL!
2
o

4
(38)

B. Cycle-Averaged Y-Body Axis Force Control Derivatives

About Hover

@ �FByRW
@�RW

����
hover

�
@ �FByLW
@�LW

����
hover

�
@ �FByRW
@!RW

����
hover

�
@ �FByLW
@!LW

����
hover

�0

(39)

@ �FByRW
@�RW

����
hover

�
�@ �FByRW
@�RW�1

����
hover

� kD!
2
o

4

�
H1�1� �

@H1�1��ARW�
@�1��ARW�

����
hover

�
(40)

@ �FByLW
@�LW

����
hover

��
@ �FByLW
@�LW�1

����
hover

�� kD!
2
o

4

�
H1�1�

� @H1�1��ALW�
@�1��ALW�

����
hover

�
(41)

Note that when wing bias is included in the forcing function, a side
force can be generated. This was not possible with SCCPFM alone.
In Eq. (41), H1��� is a Struve function [35].

C. Cycle-Averaged Z-Body Axis Force Control Derivatives

About Hover

@ �FBzRW
@�RW

����
hover

� @
�FBzLW
@�LW

����
hover

�� kDJ1�1�!o (42)

@ �FBzRW
@!RW

����
hover

� @
�FBzLW
@!LW

����
hover

�0 (43)

@ �FBzRW
@�RW

����
hover

�� @
�FBzRW

@�RW�1

����
hover

�� kD!
2
o

4

�
J1�1�

� @J1�1��ARW�
@�1��ARW�

����
hover

�
(44)

@ �FBzLW
@�LW

����
hover

�� @
�FBzLW

@�LW�1

����
hover

�� kD!
2
o

4

�
J1�1�

� @J1�1��ALW�
@�1��ALW�

����
hover

�
(45)

where J1��� is a Bessel function of the first kind.

D. Cycle-Averaged Rolling Moment Control Derivatives
About Hover

@ �MB
xRW

@�RW

����
hover

�� @
�MB
xLW

@�LW

����
hover

�� kD!o
2
�yWP

cp �wJ1�1�� (46)

@ �MB
xRW

@!RW

����
hover

� @
�MB
xLW

@!LW

����
hover

�0 (47)

@ �MB
xRW

@�RW

����
hover

�� @
�MB
xRW

@�RW�1

����
hover

�� kD!
2
o

8

�
2yWP

cp � w
�
J1�1�

� @J1�1��ARW�
@�1��ARW�

����
hover

��
(48)
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@ �MB
xLW

@�LW

����
hover

��@
�MB
xLW

@�LW�1

����
hover

� kD!
2
o

8

�
2yWP

cp �w
�
J1�1�

� @J1�1��ALW�
@�1��ALW�

����
hover

��
(49)

E. Cycle-Averaged Pitching-Moment Control Derivatives

About Hover

@ �MB
yRW

@�RW

����
hover

�J1�1�!o�cos�xWP
cp kL � fsin�xWP

cp ��xBRWgkD�

(50)

@ �MB
yLW

@�LW

����
hover

�J1�1�!o�cos�xWP
cp kL � fsin�xWP

cp ��xBLWgkD�

(51)

@ �MB
yRW

@!RW

����
hover

�
@ �MB

yLW

@!LW

����
hover

�0 (52)

@ �MB
yRW

@�RW

����
hover

�!2
oy

WP
cp kLJ1�1� �

!2
o

4

��
cos�xWP

cp kL

� fsin�xWP
cp ��xBRWgkD

��
J1�1� �

@J1�1��ARW�
@�1��ARW�

����
hover

�

� yWP
cp kL

�
H1�1� �

@H1�1��ARW�
@�1��ARW�

����
hover

��
(53)

@ �MB
yLW

@�LW

����
hover

�!2
oy

WP
cp kLJ1�1� �

!2
o

4

��
cos �xWP

cp kL � fsin�xWP
cp

��xBLWgkD
��
J1�1� �

@J1�1��ALW�
@�1��ALW�

����
hover

�

� yWP
cp kL

�
H1�1� �

@H1�1��ALW�
@�1��ALW�

����
hover

��
(54)

@ �MB
yRW

@�RW�1

����
hover

�!
2
o

4

��
cos�xWP

cp kL � fsin�xWP
cp ��xBRWgkD

�



�
�J1�1� �

@J1�1��ARW�
@�1��ARW�

����
hover

�
� yWP

cp kL

�
�H1�1�

� @H1�1��ARW�
@�1��ARW�

����
hover

��
(55)

@ �MB
yLW

@�LW�1

����
hover

�!
2
o

4

��
cos�xWP

cp kL � fsin�xWP
cp ��xBLWgkD

�



�
�J1�1� �

@J1�1��ALW�
@�1��ALW�

����
hover

�
� yWP

cp kL

�
�H1�1�

� @H1�1��ALW�
@�1��ALW�

����
hover

��
(56)

F. Cycle-Averaged Yawing-Moment Control Derivatives

About Hover

@ �MB
zRW

@�RW

����
hover

� @
�MB
zLW

@�LW

����
hover

�0 (57)

@ �MB
zRW

@!RW

����
hover

�� @
�MB
zLW

@!LW

����
hover

�� 2kL!o

�
yWP
cp J1�1� �

w

4

�
(58)

@ �MB
zRW

@�RW

����
hover

� kD!
2
o

4

�
H1�1� �

@H1�1��ARW�
@�1��ARW�

����
hover

�


 �sin�xWP
cp ��xBRW�

� kL!
2
o

4

�
� cos�xWP

cp

�
H1�1� �

@H1�1��ARW�
@�1��ARW�

����
hover

�

� yWP
cp

�
J1�1� �

@J1�1��ARW�
@�1��ARW�

����
hover

�
� w

2

�
(59)

@ �MB
zLW

@�LW

����
hover
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The derivatives of the Bessel and Struve functions are
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G. Persistent/Nonpersistent Effects of Wing Bias

Thewing bias has different effects on the forces andmoments. For
example, consider the x-body axis force. By examining the
expressions in Eq. (38), it can be seen that the onlyway to produce an
x-body axis forcewithwing bias is to have a difference between� and
��1. This is because
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In other words, if � is constant (that is, � has not changed from one
wingbeat cycle to another), then a zero cycle-averaged x-body axis
force due to wing bias is produced. In addition to the x-body axis
force, this also holds for the y-body and z-body axes forces as well as
the rolling and yawing moments. On the other hand, the pitching
moment due to wing bias is different, in that the effects of the bias
are persistent even when � does not change from one wingbeat cycle
to the next. Consider Eqs. (53) and (55). The second term in Eq. (53)
is equal in magnitude and opposite in sign to the expression in

Eq. (55), namely, �@ �MB
yRW=@�RW�1�jhover. Hence, these terms only

produce pitching moment when there is a difference between � and
��1. The remaining term in �@ �MB

yRW=@�RW�jhover, !2
oy

WP
cp kLJ1�1�, is

not canceled by any terms in �@ �MB
yRW=@�RW�1�jhover. Therefore,

when � is constant and � ≠ 0, a persistent pitching moment is
produced. Thus, wing bias produces a persistent effect on pitching

moment; that is, whenever the wing bias is nonzero, a pitching
moment is generated. On the other hand, wing bias has a non-
persistent effect on the remaining forces and moments, because a
difference between � and ��1 is required to produce x-, y-, or z-body
axes forces or rolling and yawing moments. A nonzero but constant
wing bias over more than one full cycle produces zero x-, y-, and
z-body axes forces and rolling and yawing moments. Recall that the
principal reason for using the wing bias was to produce pitching
moment, and it is now clear that the primary effect of wing bias
serves this purpose.

H. Control Effectiveness Matrix

Using the general form of Eq. (31), writing this expression for all
forces and moments and separating out the control and noncontrol
parameters yields
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where BA1 is the control effectiveness matrix, which contains the
aerodynamic control derivatives evaluated at hover, and the vector on
the left side of Eq. (65) is a set of desired forces and moments, which
are generated by the control law to achieve a desiredmaneuver. Since
�RW�1 and �LW�1 are not control variables for the control input
calculation from the current cycle, BA2 is not considered a control
effectiveness matrix. Instead, the terms containing �RW�1 and �LW�1
simply produce a set of forces and moments that are only persistent
over a single wingbeat cycle. Hence, Eq. (65) can be manipulated to
give
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The matrices BA1 and BA2 are explicitly expressed as
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and
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From the structure ofBA1 and the expressions for its elements found
in Eqs. (36–62), it is found that this matrix has a rank of six. Hence,
SCCPFMwith wing bias has provided a technique to control 6 DOFs
with only two physical actuators. Fundamental frequency (!RW and
!LW) can be used to control the x-body axis force and yawing
moment. Likewise, the split-cycle parameters (�RW, �LW) can be used
to control rolling moment and either z-body axis force or pitching
moment. The primary function of the wing bias parameters is to
replace the bobweight [12] as a pitching-moment control parameter.
Additionally, the wing bias allows the ability to generate side forces.
The control allocation objective is to find the control vector,

� �RW �LW �!RW �!LW �RW �LW �T

such that Eq. (66) is satisfied. The desired forces and moments in
Eq. (66) are generated by a feedback structure designed to track a
desired trajectory. The control allocation scheme is a pseudoinverse,
and the control vector is computed as
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where BA1
� is the pseudoinverse of BA1. The control values, in

Eq. (69), are held constant over a wingbeat cycle and are applied to
oscillators that generate the wingbeat forcing functions.

VII. Results

The modeling and control analysis is now used in a 6-DOF model
of the flapping-wing MAV. The control design approach is the same
as that used by Doman et al. [12] with the bobweight pitch loop
replaced by wing bias loops. This controller is chosen to facilitate a
direct comparison between the results in this work and those
presented by Doman et al. [12]. The controller actively controls only
5 DOFs because the bobweight vehicle configuration only provided
up to 5-DOF control. Specifically, the controller does not generate a
desired side translational force. Therefore, this controller onlymakes
use of five of the possible 6-DOF controls provided by the wing bias
configuration.

Figure 5 shows the structure of the controller. In Fig. 5, the blocks
labeled MUX are multiplexers, EOM denotes equations of motion,
and ZOH denotes zero-order hold. Position and attitude errors
generate all desired accelerations (or forces and moments). The
control allocation problem in Eq. (69) is then solved to provide the
control vector. Recall that the output of the control allocation is
actually an increment to right and left fundamental frequency.Hence,

implicit in Fig. 5 is the addition of the trim frequency to the control
allocation output to obtain !RW and !LW. After being held constant
for each complete wingbeat cycle, the control variables are inputs to
oscillators that provide the wingbeat forcing functions. The forcing
functions are inputs to an aerodynamic model of the vehicle, and 6-
DOF equations of motion are integrated to obtain the state of the
vehicle. A simulation was performed with the 6-DOF model driven
by the instantaneous forces and moments from the model that
includes wing flapping, rigid-body translation and rotation, and the
experimentally derived lift and drag coefficients from Sane and
Dickinson [5]. The simulation results show the commanded time
history and the actual response. The instantaneous aerodynamic
model that includes the effects of wing flapping, rigid-body trans-
lation and rotation, and the experimental lift and drag coefficients,
was not used in the controller design and is only used as the truth
model. Thus, there is an inherent modeling error between the
simulation model and the model used to design the control law, and
the controller must be robust enough to tolerate this error.

Table 2 displays the vehicle parameters that were used during the
simulation. The center-of-gravity location is taken to be the
geometric center of the vehicle, and all variables are defined by
Doman et al. [12].

The commanded trajectory for the presented simulation run is
shown in Fig. 6. The vehicle starts by executing a roll to align its
heading with waypoint 1 as it performs a translation in the direction
of the y axis of the inertial frame toward waypoint 1. After arriving at
waypoint 1, the vehicle aligns its heading with waypoint 2 as it
translates in both the x-axis and z-axis directions of the inertial frame
on its way to waypoint 2. Two constant altitude maneuvers are made
in moving to waypoints 3 and 4, followed by a change in altitude to
get to waypoint 5, the final waypoint.

Figure 7 shows the commanded and actual roll, pitch, and yaw
angles of the MAV during the flight, while Fig. 8 shows the
commanded and actual positions of the vehicle. The large roll angles
are used to align the heading of the vehicle with the next waypoint,
while for forward translation, a nonzero pitch attitude angle is used.
The position errors are small, and the vehicle is capable of tracking
the commanded trajectory.

Fig. 5 Five-DOF split-cycle controller with wing bias.

Table 2 Vehicle parameters used in simulation

Variable Value

Mass, mg 90
Height, width, depth, mm 14, 8, 3
Center of gravity location, mm � 7 0 0 �
c, b, and R, mm 4, 3, 15
�rBRW, mm � 2 4 0 �
�rBLW, mm � 2 �4 0 �
Angle between stoke plane and wing chord (�), deg 45

Hover frequency� !o �
�������������������������������������������
weight=0:5�CL���IA

p
, rad=s 754
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Figures 9–11 show the values of the control variables required to
produce this maneuver. The trim wingbeat frequency is about
120 Hz, with large excursions during the portions of the flight where
altitude changes are made. Recall that fundamental frequency has a
large effect on vertical force so, as expected, large variations in !
occur during the flight fromwaypoints 1 to 2 and fromwaypoints 4 to
5. The split-cycle parameter is used to produce roll and force in the

z-body axis direction and is therefore active during all portions of this
flight. Notice that in moving fromwaypoints 4 to 5 (just past 9 s), the
split-cycle parameter is active, even though no fore/aft translation or
heading correction is required. Additionally, the split-cycle
parameter displays high-frequency oscillatory behavior, which
would not be present if the simplified blade-element aerodynamic
model were used as the truth model. This is due to themodeling error
introduced by using a simplified aerodynamic model to develop the
controller. The bias is used to regulate the pitch of the vehicle and is
active during all portions of the flight. One interesting point is that a
bias value of about 3 deg is sufficient to regulate the attitude. The
high-frequency wing bias at about 9 s is due to the pitching moment
being coupled between the split-cycle parameter and wing bias,
unmodeled dynamics, and the fact that the control effectiveness
parameters are evaluated at hover.Referring to Fig. 9, it is evident that
during this maneuver (from waypoints 4 to 5) the fundamental
frequency is far from the hover value of 120 Hz. Equations (53) and
(55) show that the cycle-averaged pitching moment due to wing bias
is a function of the square of the fundamental frequency. Hence,
when the fundamental frequency experiences a large change from the
hover frequency, the control effectiveness parameters are incorrect
and introducemodeling errors. Fortunately, the controller is robust to
this error.
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VIII. Conclusions

The analysis shows that the use of SCCPFM with wing bias and
independently actuated wings allows manipulation of the x-, y-, and
z-body axes forces as well as the rolling, pitching, and yawing
moments. Cycle-averaged forces, rolling moment, and yawing
moment are only produced by the wing bias when there is a
difference between the wing bias on successive wingbeat cycles. In
terms of the pitching moment, any nonzero wing bias will produce a
persistent moment about the y-body axis. Thus, the primary effect of
wing bias is in the production of pitchingmoment, and a bobweight is
not needed. The addition of a wing bias to the SCCPFM technique
yields 6-DOF control using only two physical actuators. Given the
ability to manipulate the cycle-averaged body axes forces and
moments, untethered controlled flight with insectlike maneuver-
ability appears to be feasible with only two physical actuators.
Furthermore, the results indicate that controllers based on cycle-
averaged blade-element aerodynamic models, for this class of
vehicle, are robust tomodeling errors caused by the presence of rigid-
body translation and rotation.
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